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Background

The study of Abelian equivalence of strings dates back to at
least the early 60’s, as seen 1n the paper by Erdos.

Two strings u, v are said to be Abelian equivalent 1f u 1s a
permutation of the characters appearing in v.
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TOM MARVOLO RIDDLE

DLDEMORT

[J.K.Rowling,1997]
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Background

The study of Abelian equivalence of strings dates back to at
least the early 60’s, as seen 1n the paper by Erdos.

Two strings u, v are said to be Abelian equivalent 1f u 1s a
permutation of the characters appearing in v.

Example ] N
TOM MARVOLO RIDDLE and I AM LORD VOLDEMORT
are Abelian equivalent.

J

Abelian equivalence of strings has attracted much attention
and has been studied extensively in several contexts.
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Our Contributions

< Two new regularities on strings with respect to
Abelian equivalence,
* Abelian covers and
* Abelian runs
of strings, which are generalizations of
* covers [Apostolico et al., 1991] and
* runs [Kolpakov and Kucherov,1999]
of strings, respectively.

<> Non-trivial algorithms to compute these new string
regularities.
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Parikh vector

2 =1{ay,...,a,} : mteger alphabet

WEX” : string

P [k] : num. of occurrences of k-th character in w
P, =<P,I1],..., P [m]> : Parikh vector of w

: Example ]

\_

w=aabab
P =3, 2

~

J
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Partial order on Parikh vectors

| <k<m, PJK|>P[K and x| >|y| & P > P,

Example

x=ababbaa y=aabab A
P. =<4, 3) P,= (3, 2)
. P.>P,

J
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Abelian equivalence

P.=P, & Xandy are Abelian equivalent.

;ExampleJ \
x=aabab,y =baaba
P.= Py =(3, 2)

_ X and Y are Abelian equivalent. y

Everything is String.
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Abelian covers

[Deﬁnition} \
" For a string w of length n > 2, a set
[={[b,, e]:1<b,<e <n, 1 <k<]|I|} of intervals
1s an Abelian cover of w, 1f for every 1 <k < ||,
* [bka ek] F [1 n]
U, <k<|1| by, €] = [1, n], and

\ Pwib,, e,] = Pw[b,, ¢,]. /
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Abelian covers

[Example ] \

—

Set {[1, 3], [4, 6], [5, 7], [6, 8], [8, 10]} of

\ intervals 1s an Abelian cover of this string. /
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Abelian covers

[ Example

[

\_

| ~
1 2 3 4 5 6 7 8 9 10
'a a b b a ab aba
| — |
| L |
| |
Set {[1, 4], [4, 7], [7, 10]} of intervals
is also an Abelian cover of this string. /
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Abelian covers

Problem 1 (Abelian cover existence)

Given a string w, determine whether or not w has an

Abelian cover.
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Abelian covers

[Lemma 1 (Abelian covers) ]

~N

String w of length n has an Abelian cover

\<:> Pw[l,i] — Pw[n—i—l-l,n] for some 1 <i<n.
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rLemma 1 (Abelian covers) ] <

String w of length »n has an Abelian cover

\<:> Puwi, i1 = Pwn-i+1,n) for some 1 <i < n.

|Proof () |
If w has an Abelian cover {[b,, ¢], ..., [bIIP em]},
then Pw[b;, e;] = Pw[bm, einl-
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rLemma 1 (Abelian covers) ] <

String w of length »n has an Abelian cover

\<:> Puwi, i1 = Pwn-i+1,n) for some 1 <i < n.

| Proof (€) |
If, for some 1 <i<n/2, Pw[l,i] = Pwln-i+1, n],

then Pw[1, n-i] = Pw[i+1, n] and

I ={[1, n-i], [i+1, n]} 1s an Abelian cover of w.

l n-i+1
W | | | | | |
| |
| |
|
|

|
Everything is String.
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rLemma 1 (Abelian covers) ] <

String w of length »n has an Abelian cover

\<:> Puwi, i1 = Pwn-i+1,n) for some 1 <i < n.

| Proof (€) |

If, for some n/2 <i<n, Pw[l,i] = Pw[n-it+1, n],
I={[1, 1], [n-i+1, n]} 1s an Abelian cover of w.

n-i+1 l
W | | | I
|
|

Everything is String.
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Algorithm (Abelian covers)

[ Lemma 1 (Abelian covers) ]

String w of length n has an Abelian cover

\<:> Pw[l,i] — Pw[n-i+1,n] for some 1 <i1<n. )

_L>[We look for an Abelian border of w. ]
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Algorithm (Abelian covers)

I n-i+1 n
W] | | | ]
| > 2 |

-
We scan w from left and from right, and check

if w[1, i] and w[n-i+1, n] are Abelian equivalent
\for some i.
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Algorithm (Abelian covers)

w=abacbacaabc

prefix suffix
a 0 0
b 0 0
0 0

counter = 3 ﬁ# of matching elements of the Parikh vectors. ]

Everything is String.
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Algorithm (Abelian covers)

w=abacbacaabc

|_>

prefix suffix
a 1 0
b 0 0
0 0

counter = 2 ﬁ# of matching elements of the Parikh vectors. ]

Everything is String.
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Algorithm (Abelian covers)

w=abacbacaabc

|_>

-~

prefix suffix
a 1 0
b 0 0
0 1

counter = 1 ﬁ# of matching elements of the Parikh vectors. ]

Everything is String.
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Algorithm (Abelian covers)

w=abacbacaabc

—

N

prefix suffix
a 1 0
b 1 0
0 1

counter = () ﬁ# of matching elements of the Parikh vectors. ]

Everything is String.
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Algorithm (Abelian covers)

w—abacbacaabcI

—

prefix suffix
a 1 0
b 1 1
0 1

counter = 1 ﬁ# of matching elements of the Parikh vectors. ]

Everything is String.
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Algorithm (Abelian covers)

w=abacbacaa
|

be

prefix suffix
a 2 0
b 1 1
0 1

counter = 1 ﬁ# of matching elements of the Parikh vectors. ]

Everything is String.
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Algorithm (Abelian covers)

w=abacbacaabc
I I

prefix suffix
a 2
b 1
0

counter = 1 ﬁ# of matching elements of the Parikh vectors. ]

Everything is String.
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Algorithm (Abelian covers)

w=abacbacaabc
I I

prefix suffix
a 2
b 1
1

counter = 2 ﬁ# of matching elements of the Parikh vectors. ]

Everything is String.
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Algorithm (Abelian covers)

w=abacbacaabc
I I

prefix suffix
d 2 2
b 1 :
1 1
counter =3 (String w has an Abelian border. J

Everything is String.
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Time and Space (Abelian covers)

[Theorem 1 }
Given a string w of length n, we can determine

\

whether or not w has an Abelian cover 1n

\O(n) time with O(|X|) working space. y

» The Parikh vectors of all prefixes and suffixes can be
computed and compared 1n O(n) time.

* We maintain two Parikh vectors requiring O(|>|) space.

Everything is String.
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Abelian runs

[ Deﬁnition] \
" Substring w[i, j] of string w is an Abelian run of w,
1f

w[i,j] =wu,; - u.u’ withr > 2,
.Pu’<P”1: :Pur>Pu”9
.Pw[i_l]ua fPul aIld

* Py F Pus
Cld 1s represented by S-tuple (i, (v, |u,], v, r)/

Everything is String.
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;Example J \

1 2 3 4 5 6 7 8 9 10 11
c aaab abaabc

N/
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;Example] \
1 2 3 4 5 6 7 8 9 10 11
c a a,a b ab a a b c
! ! ! ! !
——— —+—
— | —
| | | —
| | —
| | |

Everything is String.
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[Example J \

1 2 3 4 5 6 7 8 9 10 11
c a a,a b ab a a b c

|u9| ul | uz | u3 |
Pul — Pu2: Pu3

u,, U, and u, are called the cores of this
Abelian run.

\ _/
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;Example J \

1 2 3 4 5 6 7 8 9 10 11
c a a,a,b a b a a b c

I 51 I I I
uwou; o U, Uy

Pau’ -;'{—Pul

u’ 18 the left arm of this Abelian run.

N/
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[Example J \

1 2 3 4 5 6 7 8 9 10 11
c a a,a b a b a a b c
11

! 51 ! !

U Uy Uy  Us

U =¢€
Pu1>Pu”

u”’ 1s the right arm of this Abelian run.

\ _/
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Abelian runs

Problem 2 (All Abelian runs)

Given a string w, compute all Abelian runs

n w.

Everything is String.
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Algorithm (All Abelian runs)

Our algorithm consists of the following three steps:

@ )
(D Compute All Abelian squares

(@ Merge Abelian squares into cores us,. .., u

r

@ Compute left arms u’ and right arms u”

\_ J

Everything is String.
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Algorithm (All Abelian runs)

Our algorithm consists of the following three steps:

@ )
(D Compute All Abelian squares

(@ Merge Abelian squares into cores us,. .., u

r

@ Compute left arms u’ and right arms u”

\§ %
We construct a table T for steps (D and @).

Everything is String.
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Algorithm step @ (Abelian runs)

lDeﬁnition

5

T
T

d, k.

d, k.

Table T'1s a n/2 % (n-1) table such that for
l1<k<mn-land 1<d<n/2
= 1 1f Puwlk-d+1, k] = Pw[i+1, k+d]

= (0 otherwise,

and T'[d, k] are undefined for n/2 <d,
k-d+1 <1 and n < k+d.

~

/

[Table T represents all Abelian squares of w. ]

Everything is String.
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J 4151617 10| 11
alblalb blc
1 olo| 0] o0 0
2 ol1/1]o0
3 0 1|0
4 ol1]0]o0
5 0 0

Everything is String.
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J 415|167 10| 11
albla|b b|c
Pwl4, 61 = Pw[7, 9]
1 010|010 0
2 0l 1|10
3 0 1|0
4 01100
5 0|0

Everything is String.
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J 41567891011
alblal/blala|/b|c
Pw[3, 6] = Pw[7, 10]
1 ololo0|o0|[1]0]o0
7 0|1 ]1]0/[1]o0
3 0 110/ o0
4 0| 1]0]0
5 0] 0

Everything is String.
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Table T I=D[All Abelian squares of w ]

JK 12345/ 6[7]|8|9]10]11

clalalal/bla/bjlaja|b|c
Pw[3, 6] = Pw[7, 10]

tlol1]1]olololol1]0]o0

7 oloflol1]1]0]1]o0

3 0|0 110/ o0

4 01 1]0]0

5 0] 0

Everything is String.
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Step (D Compute All Abelian squares

g 12345 10| 11
claljalal|b b|c
< >
Pwle, 61 = Pw[7, 7]
1lol1]1]o0]o
7 0010
3 0| 0
4 0| 1
5 0

Everything is String.
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Step (D Compute All Abelian squares

g 12345 3 10| 11

clala a<b a | b|c
Pw[5, 61 = Pw[7, 8]

tlol1][1]0]o0

7 0100/

3 0|0

4 0| 1

5 0

Everything is String.
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Step (D Compute All Abelian squares

JE 12134567 |8]9]|10]11

clalala/bja|/blala|b C.
Pw[2,61 = Pw[7, 11]

tlol1]1]o]lo]o0

7 0100 1]1

3 0|0 1

4 0 1]0

5 0|0
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Step (D Compute All Abelian squares

Lemma 2 ] <
Table T requires O(n?) space and can be

.computed in O(n?) time.

* Each column of 7' can be computed in O(n) time.
e It takes O(n?) time for all columns.
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Step 2 Merge Abelian squares into cores

1 2 3 4 5 6 7 8 9 10 11

c a aababaabec

-
All Abelian
squares |
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Step @ Merge Abelian squares into cores

JE 12134567 |8]9]|10]11

clalalal/blal/blalalb]|c
-
ol1l1/lolololol1]o0]o0
ololol1l1lol1]o
oo:'ola,:2
0

DN D W I |

0] 0
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Step @ Merge Abelian squares into cores

1 2 3 4 5 6 7 8 9 10 11

c a aababaabc

Cores of all
Abelian runs

Everything is String.

HABATAKITAI Laboratory




Step B Left arms and right arms
1 2 3 4 5 6 7 8 9 10 11

c a aababaabec
< —>

|
<« | |
| | |
<« | >
l ] |
| | >
| | |
i | | >
(" . o)
We scan w from u, to left and from u, to right, and check 1f
.P <Pu1_ _Pu >Pu”9
. Pw[l <Py, and
* Pu w[j+1] Pul

J
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Step B Left arms and right arms

1 2 3 4 5 6 7 8 9 10 11

c aaababaabec
! ! !

Uy U
Leftstring| 4,
a 1 2
b 0 |
C 0 0

counter = 0 < # of k such that P, 141> Puli] ]
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Step B Left arms and right arms

1 2 3 4 5 6 7 8 9 10 11

caaababaabec
! ! !

Uy U
Leftstring| 4,
a 2 2
b 0 |
C 0 0

counter = 0 < # of k such that P, 141> Puli] ]
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Step B Left arms and right arms

1 2 3 4 5 6 7 8 9 10 11
c aaababaabc

) U, U,
Leftstring | ¢,

a 2 2

b 0 |

C 1 0

counter =1 @ such that Py gring[K] > Puui[K] ]
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Step B Left arms and right arms

6 7

3

9 10 11

c,a aababaabc

1 2 3 4 35
u u,
Leftstring | 4,
a 2 2
b 0 1
C 0 0

Everything is String.
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Maximum number of Abelian runs

[ Theorem 2 (Abelian runs) ]

N
The maximum number of Abelian runs 1n a
 string w of length n is Q(n?). ,
* The Cummings—Smyth string (aababbab)” of length
8n has ®(n?) maximal Abelian runs.
* A naive algorithm takes O(n?) time for all Abelian
runs.
@ )
I will explain how to compute the left and right arms
for all Abelian runs in a total of O(n?) time. )

Everything is String.
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Step 3 Left arms and right arms

W

Everything is String.
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Step 3 Left arms and right arms

W

S B
’ | u | u, | U,
Pu’<Pu1 Pulzpuz

| v, | Vv,

Pv1:Pv2

Case 1 (|'u,| <|v|)

Everything is String.
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Step 3 Left arms and right arms

pJ

l u | u, | U,
. L Pv <P, Py =P,
LV ] v, | v,
Py <Py, Py, =Py,
Case 1 (Ju't] <[}
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Step 3 Left arms and right arms

w| -
I M’E | U, I U, |
PM’<PM1:PM2
| T 7 |
PV1:PV2

Case 2 (|’u,| > |vq|)
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Step 3 Left arms and right arms

i I M’E | U, | U, |
Pw < Pulzpuz
v | Vi | Vs |
PV1:PV2

Case 2 (|’u,| > |vq|)

Everything is String.

HABATAKITAI Laboratory




Time and Space (Abelian runs)

[Theorem 3} ~
Given a string w of length n, we can compute
all Abelian runs in O(n?) time with
5 .
\O(n ) working space. y

 Table T requires O(n?) space and can be computed
in O(n?) time. (Steps (D and @)

* All left arms and right arms are computed in O(n?) time.

(Step @)
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Conclusion 1
Problem 1 (4belian cover existence)
» O(n) time with O(|X|) working space
* We compute the longest Abelian cover of w.

Open problem

Can we compute the shortest Abelian cover 1n faster
than O(n?) time ?

v" We can compute the shortest Abelian cover of w

by a naive algorithm in O(n?) time.
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Conclusion 2

Problem 2 (All Abelian runs)
» O(n?) time with O(n?) working space
» String w of length n has Q(n?) Abelian runs.

Open problem
Can we compute all Abelian runs in w in O(n + r) time

where r 1s the number of Abelian runs 1 w ?

Everything is String.
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Everything is String.
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Everything is String.
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H YA X8R RSB 2
AMETIE On?) BRITIRTDT—RNILEZKDT-H...

L. J. Cummings & W. F. Smyth /A%

w = (aababbab)" & 8n

IZIE Q@ EDEET 57 —NILEHESR
XFI(T—=ANIARIDIFP)VWNFET HZE

LT-.

F—NLRITT | I : - ~

PN
Q(n?){E )
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