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Sturmian words Standard words
Christoffel words
Subword graphs

Sturmian words

Sturmian words are infinite words that has exactly k + 1 factors of
length k for each n > 0.

Example:
ababaabababaabababaabababaababaab ...

ababaabababaabababaabababaababaab...
ababaabababaabababaabababaababaab...
ababaabababaabababaabababaababaab ...

© 0 ©0 ©

ababaabababaabababaabababaababaab ...
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Sturmian words Standard words
Christoffel words
Subword graphs

Standard word

o Alphabet: ¥ = {a, b}
o Directive sequence: v = (70,71, ---»7n),
where 79 > 0 and 71,...,7, >0

@ Recurrence:
o X_1 — b
@ Xp = a
o Xk = (Xk—1)"k-1 - xx_2

° SW(’YO?’YL oo 7’7'1) = Xn+1
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Sturmian words Standard words
Christoffel words
Subword graphs

Standard word example

oy = (1,2131)
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Sturmian words Standard words
Christoffel words
Subword graphs

Standard word example

oy = (1,2131)

OX_1:b

@ Xp—a
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Sturmian words Standard words
Christoffel words
Subword graphs

Standard word example

oy = (1,213]1)

@ X1 = b
@ Xp—a
ox3 = (x)t-x1 = a-b
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Sturmian words Standard words
Christoffel words
Subword graphs

Standard word example

oy = (1,213]1)

ex_1 =05b

@ xp=a

ox3 = (x)'-x1 = a-b
ox; = (x1)?-x = ab-ab-a
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Sturmian words Standard words
Christoffel words
Subword graphs

Standard word example

oy = (1,213]1)

ex_1 =05b

@ xp=a

ox3 = (x)'-x1 = a-b
ox; = (x1)?-x = ab-ab-a
o x3 = (x)t-x; = ababa-ab

Marcin Pigtkowski PSC 2013



Sturmian words Standard words
Christoffel words
Subword graphs

Standard word example

oy = (1,213]1)

ex_1 =05b

@ xp=a

ox3 = (x)'-x1 = a-b

ox; = (x1)?-x = ab-ab-a

o x3 = (x)'-x; = ababa-ab

0 x4 = (X3)3 -Xo = ababaab - ababaab - ababaab - ababa
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Sturmian words Standard words
Christoffel words
Subword graphs

Standard word example

oy = (1,2131)

ex_1 =05b

@ xp=a

ox3 = (x)'-x1 = a-b

ox; = (x1)?-x = ab-ab-a

o x3 = (x)'-x; = ababa-ab

o x4 = (x3)%-x2 = ababaab - ababaab - ababaab - ababa

®© x5 = (x4)'-x3 = ababaabababaabababaabababa - ababaab
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Sturmian words Standard words
Christoffel words
Subword graphs

Standard word example

oy = (1,2131)

ex_1 =05b

@ xp=a

ox3 = (x)'-x1 = a-b

ox; = (x1)?-x = ab-ab-a

o x3 = (x)'-x; = ababa-ab

o x4 = (x3)%-x2 = ababaab - ababaab - ababaab - ababa

®© x5 = (x4)'-x3 = ababaabababaabababaabababa - ababaab

e Sw(1,2,1,3,1) = ababaabababaabababaabababaababaab
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Sturmian words Standard words
Christoffel words

Subword graphs

Fibonacci words

o f =0

o f[p = a

°

© fry1 = Fn-Fpa
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Sturmian words Standard words
Christoffel words
Subword graphs

Fibonacci words
o F_]_ = b
o fFp = a

oFn—i—l = Fn'Fn—l

Observation
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Sturmian words Standard words
Christoffel words
Subword graphs

Lower Christoffel word:

bababaabababaabababaabababaababaa

Upper Christoffel word:
aababaabababaabababaabababaababab

Standard words:
ababaabababaabababaabababaababaab
ababaabababaabababaabababaabababa
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Sturmian words Standard words
Christoffel words
Subword graphs

For fixed relatively prime p > g > 0 there exists a unique word x
such that:

° x|l = p—1

° [x|p = g—1

@ b-x-a- lower Christoffel word
@ a-x-b— upper Christoffel word
@ x - ab — standard word

@ x - ba — standard word

Marcin Pigtkowski PSC 2013



Sturmian words Standard words
Christoffel words
Subword graphs

b 28
a9 1 24 4
b/23 10
4
y 20,
18 15
a/ \a
32 1
b \b
13 20
al |a
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a\ /a
22 /11
b3 30 b
ayz 16" 2

a 31
3b\12 21"
‘3\26 b7 a b

bababaabababaabababaabababaababaa
Marcin Pigtkowski PSC 2013



Sturmian words Standard words
Christoffel words

Subword graphs

b

/ab\‘ /\

b_a b _aca_b_a b a b a_a b a b as b a a b a b as b a a b a_ b a a b

a
a
a

a
a
Y3
Y1
[ e |
Yo\ 1 \ N1 Y2

Y2

Notation: y; = (x;)F
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The number of runs
Repetitions The sum of exponents
The total run length

Run (maximal repetition)

ababaabababaabababaabababaababaab
—_—— N

Details:

@ starting position
period (generator)
exponent
remainder

length
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The number of runs
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Run (maximal repetition)

ababaabababaabababaabababaababaab
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@ starting position
period (generator)
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The number of runs
Repetitions The sum of exponents
The total run length

Run (maximal repetition)

ababaabababaabababaabababaababaab
—_—— N —

Details:

@ starting position
period (generator)
exponent
remainder

length
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The number of runs
Repetitions The sum of exponents
The total run length

Run (maximal repetition)

ababaabababaabababaabababaababaab
—_—— N

Details:

@ starting position
period (generator)
exponent
remainder

length
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The number of runs
Repetitions The sum of exponents
The total run length

Run (maximal repetition)

ababaabababaabababaabababaababaab
—_—— N

Details:

@ starting position
period (generator)
exponent
remainder

length
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The number of runs
Repetitions The sum of exponents
The total run length

Measures of periodicity

@ The number of runs
@ The sum of exponents of runs

© The total run length
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The number of runs
Repetitions The sum of exponents
The total run length

The number of runs

TN N TN N N TN N
ababaabababaabababaabababaababaahb
NN NN NN NN

ababaabababaabababaabababaababaahb

N N N A A

/_\/_\ /\/\

ababaabababaabababaabababaababaab
W \/\_/\

WN

ababaabababaabababaabababaababaahb

Number of runs = 19
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The number of runs
Repetitions The sum of exponents
The total run length

The number of runs

Notation:
e runs(w) — the number of runs in the word w

e runs(n) = max{runs(w): |w|= n}

Conjecture (Kolpakov, Kucherov 1999)

runs(n) < n

Marcin Pigtkowski PSC 2013



The number of runs
Repetitions The sum of exponents
The total run length

The number of runs

Theorem (Crochemore et al. 2008, Kusano et al. 2008)

0.944542 n < runs(n) < 1.048n

Theorem (Crochemore et al. 2010)

0.41n < cubic_runs(n) < 0.5n
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The number of runs
Repetitions The sum of exponents
The total run length

Standard words

Standard word

7y :(70771a"'77n)
o w = Sw(y)

Runs (Baturo, Piatkowski, Rytter 2008)

o Compact formula for runs(w).

o Algorithm for runs(w) with time complexity O(|v|).

o lim runs(w) = 0.8]|wl|.
|w|—00
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The number of runs
Repetitions The sum of exponents
The total run length

Standard words

Standard word

7y :(70771a"'77n)
o w = Sw(y)

Cubic runs (Piatkowski, Rytter 2011)

o Compact formula for cubic _runs(w).

o Algorithm for cubic _runs(w) with time complexity O(|v|).
o lim cubic_runs(w) ~ 0.36924841 |w|.

|w|—00
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The number of runs
Repetitions The sum of exponents
The total run length

The sum of exponents

TN N TN N N TN N
ababaabababaabababaabababaababaahb
NN NN N NN N

e N N N N T N N
ababaabababaabababaabababaababaab

NN NN NN NN

T~ T T~
ababaabababaabababaabababaababaahb

~_ T~ T~ T T
WN

ababaabababaabababaabababaababaahb

— 23
Sum of exponents = 4955 ~ 49.3286
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The number of runs
Repetitions The sum of exponents
The total run length

The sum of exponents

Notation:
@ se(w) — the sum of exponents in the word w

e se(n) = max{sum_exp(w): |w|= n}

Conjecture (Kolpakov, Kucherov 1999)

se(n) < 2n

Theorem (Crochemore et al. 2011)

2.035n < se(n) < 4.1n
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The number of runs
Repetitions The sum of exponents
The total run length

The total run length

TN N TN N N TN N
ababaabababaabababaabababaababaahb
NN NN N NN N

ababaabababaabababaabababaababaahb

N N N A A

T~ T T~
ababaabababaabababaabababaababaahb

~_ T~ T~ T T
WN

ababaabababaabababaabababaababaahb

Total run length = 138

Marcin Pigtkowski PSC 2013



The number of runs
Repetitions The sum of exponents
The total run length

The total run length

Notation:
o tr/(w) — the total run length of the word w
o trl(n) = max{trl(w): |w|=n}

Theorem (Glen, Simpson 2013)

Marcin Pigtkowski PSC 2013



Morphic reduction
m-partition
Sum of exponents and total run length in standard words Algorithm

a — a'b

¥ = (70,715 -+ >7n) hi : , for0<i<n
b — a
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Morphic reduction
m-partition
Sum of exponents and total run length in standard words Algorithm

a — a'b

¥ = (70,715 -+ >7n) hi : , for0<i<n
b — a

Q Sw(ya) = hn(a)
Q@ Sw(Vi,Yit1s---»Tn) = hi<SW('Yi+17’Yi+27~-a'}’n)>
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Morphic reduction
m-partition
Sum of exponents and total run length in standard words Algorithm

¥ = (70, V15« - - s Vn) hj : { , for0<i<n

Q Sw(ya) = hn(a)
Q@ Sw(Vi,Yit1s---»Tn) = hi<SW(’Yi+1,’Yi+2,~-,’Yn)>

Observation
Q Sw(v0,71,---,7) = hoohio...ohy(a)

© Sw(Vig1,Vi42,---5Vn) = hi_1<SW(’Yia’7i+1»---a’Yn)>
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Morphic reduction
m-partition
Sum of exponents and total run length in standard words Algorithm

a — a'ib
Y= (172a17371) hi: f0r0§i§n
b — a
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Morphic reduction
m-partition
Sum of exponents and total run length in standard words Algorithm

Sw(1) = hg(a) =ab
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Morphic reduction
m-partition
Sum of exponents and total run length in standard words Algorithm

a — aaab

v = (1,2,1,3,1) hs :

b — a
Sw(1) = hg(a) =ab
Sw(3,1) = h3(Sw(1)) = aaaba
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Morphic reduction
m-partition
Sum of exponents and total run length in standard words Algorithm

Sw(1) = hg(a) =ab
Sw(3,1) = h3(Sw(1)) = aaaba
Sw(1,3,1) = h(Sw(3,1)) = abababaab
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Morphic reduction
m-partition
Sum of exponents and total run length in standard words Algorithm

Sw(1) = hg(a) =ab
Sw(3,1) = h3(Sw(1)) = aaaba
Sw(1,3,1)=hy (SW (3, 1)) = abababaab
Sw(2,1,3,1) = h1(Sw(1,3,1)) = aabaaabaaabaaabaaba
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Morphic reduction
m-partition
Sum of exponents and total run length in standard words Algorithm

Sw(1) = hg(a) =ab
Sw(3,1) = h3(Sw(1)) = aaaba
Sw(1,3,1) = h(Sw(3,1)) = abababaab
Sw(2,1,3,1) = h1(Sw(1,3,1)) = aabaaabaaabaaabaaba
Sw(1,2,1,3,1) = ho(Sw(2,1,3,1)) = ababaabababaabababaabababaababaab
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Morphic reduction
m-partition
Sum of exponents and total run length in standard words Algorithm

Sw(1) = ha(a) — ab
Sw(3,1) = h3(Sw(1)) = aaaba
Sw(1,3,1) = h(Sw(3,1)) = abababaab
Sw(2,1,3,1) = h1(Sw(1,3,1)) = aabaaabaaabaaabaaba
Sw(1,2,1,3,1) = ho(Sw(2,1,3,1)) = ababaabababaabababaabababaababaab

Notation: N, = [Sw(vi,...,7n)la



Morphic reduction
m-partition

Sum of exponents and total run length in standard words Algorithm

Every standard word Sw(vo, . ..,7n) can be represented in one of the
forms:

(1) X5 X1 X22 Xm—1 "+ * X% Xm—1 Xm

(i) xB* Xm_1 X522 X1 -+ X X1

where ak, Bk € {Ym, YTm+1} 0< m<n.

X4 X;  Xo Xy X4 Xy Xo Xy X4 X;  Xg Xy X4 X;  Xo Xy Xy Xo Xy
ababaabababaabababaabababaababaahb

Xq X4 Xq X4 Xy Xy X Xq X4

X3 X3 X3 X, X3

ababaabababaabababaabababaababaahb

X4 X3
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Morphic reduction
m-partition
Sum of exponents and total run length in standard words Algorithm

Proposition
The structure of occurrences of the block x,, (respectively x,—1) in
the m-partition of Sw(~o,...,7n) corresponds to the structure of
occurrences of the letter a (respectively letter b) in Sw(Vpm,...,Vn).
m| m-partition ‘ SW(Ymy -« 5Yn)
1 |ab-ab-a-ab-ab-ab-a-ab-ab-ab-a-ab-ab-ab-a-ab-ab-a-ab| aabaaabaaabaaabaaba
2 |ababa-ab-ababa-ab-ababa-ab-ababa-ababa-ab abababaab
3 |ababaab-ababaab-ababaab-ababa-ababaab aaaba
4 | ababaabababaabababaabababa-ababaab ab

Marcin Pigtkowski PSC 2013



Morphic reduction
m-partition
Sum of exponents and total run length in standard words Algorithm

Lemma

@ The longest prefix of x;_1 - x; with the period of the length |x;
is of the form x; - x;_1.

Notation: X — x with last two letters removed.

Marcin Pigtkowski PSC 2013



Morphic reduction
m-partition
Sum of exponents and total run length in standard words Algorithm

Lemma

@ The longest prefix of x;_1 - x; with the period of the length |x;
is of the form x; - x;_1.

@ For each occurrence of y - x; in w, y is the last letter of the
block x;_1 or x; of the i-partition of w.

Notation: X — x with last two letters removed.
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Morphic reduction
m-partition
Sum of exponents and total run length in standard words Algorithm

Lemma

@ The longest prefix of x;_1 - x; with the period of the length |x;
is of the form x; - x;_1.

@ For each occurrence of y - x; in w, y is the last letter of the
block x;_1 or x; of the i-partition of w.

© For every 0 < k < nand every 1 < i < 7, the word (xx)'xx_1
is primitive.

Notation: X — x with last two letters removed.
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Morphic reduction
m-partition
Sum of exponents and total run length in standard words Algorithm

Lemma

@ The longest prefix of x;_1 - x; with the period of the length |x;
is of the form x; - x;_1.

@ For each occurrence of y - x; in w, y is the last letter of the
block x;_1 or x; of the i-partition of w.

© For every 0 < k < nand every 1 < i < 7, the word (xx)'xx_1
is primitive.

@ The period of each maximal repetition in a standard word
Sw(70,71, - - - 7Vn) is of the form x; or (x;¥xj_1, where
0<i<n 0<j<n;.

Notation: X — x with last two letters removed.
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Morphic reduction
m-partition
Sum of exponents and total run length in standard words Algorithm

Computation of the sum of exponents (the total run length)

e Sw(vy) — standard word

sel(y) — sum of exponents of runs with periods x;

se!’(7y) — sum of exponents of runs with periods (x;)/x;_1

trl!(y) — total length of runs with periods x;

trl! () — total length of runs with periods (x;)x;_1

o se(y) = Xio sei(y) +s€(7)
o tri(y) = Y7o trll(y) + trl!(v)

Marcin Pigtkowski PSC 2013



Morphic reduction
m-partition

Sum of exponents and total run length in standard words Algorithm
(1) aabaaabaaabaaabaabaaabaaabaaabaaab
Xy X, X, Xy Xy Xy Xy Xy X4

TN T T K N T T

(2) aabaaabaaabaaabaabaaabaaabaaabaaba

X2 X2 X2 X4 Xz Xz X2 X4 Xz

Lemma — sum of exponents

+(N7(i+2)—1> +An(i)%

|X,'_1| -2

sei(y) = Ny(i+1)- | vi+1+ ]
1

Notation: A,(/) = |n—i+ 1| mod 2
N’Y = |SW(’W7"'7’7H)|3



Morphic reduction
m-partition
Sum of exponents and total run length in standard words Algorithm

Runs with period (x;)x;_1

aabaaabaaabaaabaaabaabaaabaaabaaabaaabaaba

X2 X2 X2 X2 X4 X2 X2 X2 X2 X1 X2

Lemma — sum of exponents

@) = (Mgr1)-1) 5 (24 =2
At ’ 2 \“ T K Tl + ]

Notation: N, = [Sw(vi,...,7n)la
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Morphic reduction
m-partition
Sum of exponents and total run length in standard words Algorithm

Runs with period (x;)x;_1

aabaaabaaabaaabaaabaabaaabaaabaaabaaabaaba

X2 X2 X2 X2 X4 X2 X2 X2 X2 X1 X2

Lemma — sum of exponents
¥i—1 |X| 2
sel! :<N i—i—l—l)- 24— =
1(7) ’Y( ) k'|X,'|+|X,'_1|

Lemma — total run length

() = (Wi 1)~ 1) - (- 2 2l =8

Notation: N, = [Sw(vi,...,7n)la



Morphic reduction
m-partition
Sum of exponents and total run length in standard words Algorithm

Algorithm

Q se<— 0 (trl +— 0)

Q ‘X_1| +— 1, |X0| +—0
Q@ Ny(n+1)«—1,
Q@ Ny(n+2)«—0

Q for k:=0tondo

o il — e 1| + [xi—2]

@ for k := n downto 0 do

(&) update se (respectively trl) values depending on
(o) update value of |xx_1]

(10 update value of N, (k)

@ return se (respectively tr/)

y
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Morphic reduction
m-partition
Sum of exponents and total run length in standard words Algorithm

Time complexity

@ Sum of exponents — O(||v]|), where |[¥|| =+ + -+
o Total run length — O(|v|)

Marcin Pigtkowski PSC 2013
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For Your Attention
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