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Sturmian words

Definition
Example

o Alphabet: ¥ = {a, b}

e Directive sequence: v = (70,71, - - -»7n),
where v9 > 0 and v1,...,7, > 0

@ Recurrence:
@ X_1 = b
@ Xp = a
o Xk = (Xk—1)"1 - Xx 2

® SW(70,71,--+»7n) = Xnt1
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turmian words e
s Definition

Example

Sturmian word example

o v=(1,2,1,3,1)

e x_1=05b

@ xg=a

o x;=(x)-x1=a-b

o xo=(x1)>-xo=ab-ab-a

o x3 = (x2)! - x; = ababa - ab

o x4 = (x3)® - xo = ababaab - ababaab - ababaab - ababa

o x5 = (x4)! - x3 = ababaabababaabababaabababa - ababaab

e Sw(1,2,1,3,1) = ababaabababaabababaabababaababaab

M. Pigtkowski, W. Rytter Squares in Sturmian Words



turmian words e
s Definition

Example

Fibonacci word example

o v=(1,1,1,1,1)

e x_1=05b

@ Xp a

@ X1 :XO‘Xf]_:a'b

(] x2:x1ox0:ab«a

@ x3 =xp+x3 = aba-ab

@ X4 = X3+ xo = abaab - aba

@ x5 = X4 - x3 = abaababa - abaab

e Sw(1,1,1,1,1) = abaababaabaab
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Basics
Fibonacci words

Repetitions

aba baababa baababa baabababaababaab
—_—— ——

ababaab ababaab ababaab ababaab aba ab
—— ——— —— —— —

Notation:
@ sq(w) — the number of distinct squares in the word w

@ p(w) — the number of runs in the word w
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Basics
Fibonacci words

Repetitions

sq(Fn) = 2|Fp_2| — 2

p(Fn) =2|Fp2| -3

PFn) | 0763032 ..
|Fal

M. Pigtkowski, W. Rytter Squares in Sturmian Words



Types of squares
Direct formula for the number of squares
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The number of squares
Squares vs. runs

Lemma (Damanik, Lenz 2003)

Each primitive period of a square in Sw(7,...,7n) has the length
k|x;| for 1 < k < ~; or k|x;| + |xi—1] for 1 < k < ;.

Notation:

@ squares with period of the length k|x;| for 1 < k < ~; or
k|x;| + |xj_1] for 1 < k < ~; are said to be of type i

@ squares with period of the form a” are said to be of type 0
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The number of squares

] 11 ] 11 0

1! i 1! o

|
aaabaaabaaabaaaabaaabaaabaaaabaaabaaabaaabaaaabaaabaaabaaaabaaabaaabaaaab
L ! l

L

w = Sw(3,3,2,1,1)
|X0| = 1, X1| =4, |X2| = 13, |X3| = 30, |X4| =43

type 0-2(1-1 + 1-2)
typel-14(4-4 + 3-5 + 4-8 + 3-9)
type 2 — 25 (13-13 + 12-17)
type 3 - 12 (12 - 30)

sq(w) = 53
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Number of squares

sq(w) = qun(w)
i=0

@ sgi(w) — the number of squares of type i in the word w
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Types of squares
Direct formula for the number of squares

Asymptotic behaviour of the number of squares
The number of squares b
Squares vs. runs

w = SW(70a717 cee 77")

Type i — general case (0 < i< n—2)

/N
N|w

Yi — 1) Ixi| + |Xi—1| —vi even ~;

<§’Yi - %) |xi| —vi +1 odd v;
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The number of squares

(%%—2 — 1) |Xn—2| 4 [Xn—3| — Yn—2 even y,_2
5qn—2(W) =
(%’7n—2 - %) ’Xn—2| —Yp—2+1 odd Yn—2

(%’Yn—2 - 1) |Xn—2‘ — Yp—2 +1 even Yp—2

5Yn—2 — %) |an2| + |Xn73| —Yn—2+2 oddyp-2
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The number of squares

(%%—1 - 1) IXn—1] = ¥n-1 +1 even yp_1

%’Yn—l — %) ‘Xn—ly ain |Xn—2| — Yn—1 odd Yn—1

%'Yn—l ‘Xn—l ’ even yn—i

(%%4 - %) |xp—1] + |Xp—2] =1 odd -1

M. Pigtkowski, W. Rytter Squares in Sturmian Words



Types of squares

Direct formula for the number of squares
Asymptotic behaviour of the number of squares
Squares vs. runs

The number of squares

(%% - 1) |Xn| + |Xn—1| +1 even ~,

(%'Yn - %) |Xn| odd ~,
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How to compute |x;| ?

° |x1] =1

° x| =1

o x| = 7olxol + |x-1f

o |xo| = mbal+ |xo

® [xnt1| = YnlXn| + |Xn-1]
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The number of squares

Example:

o w=5w(3,3,21,1)

= 3243 =12

=0

° sq(w) = 24+14+254+12+0 = 53
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The number of squares

sq(w) < 0.9|w|+ 4
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wig = Swi(k, k,2,1,1)

2 3
o wy = ((akb)ka> akb<(akb)ka) akb
o |wyx| =5k +T7k+7

1 <9k2 + 6k + 2) for even k

2
@ sq\Wy) =
) l(9k2+7k+4) for odd k
2
sawi) g
| wi|
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Theorem (Baturo, Piagtkowski, Rytter 2008)
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wi = Sw(k, k,2,1,1)

o |wy| =5k +Tk+7

3(9k2+6k+2)  for even k

o sq(wi) =
3(9K2 + 7k +4)  for odd k
|wic|
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The number of squares

vk = Sw(1,2,k, k)

o |vx| =5k? +2k+5

o M) 44
|Vic|
%(5/(2 + 5k + 8) for even k
® sq(vy) =
3(5K2+10k—5)  for odd
|Vic|
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