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The problem: Jumbled pattern matching

the text: string s over alphabet {a, b, ¢} (length n)
the pattern: (3,1,2) - any permutation of string aaabcc (length m)

bbacaccababbabccaaac
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Definitions

e ¥ ={a1,...,a,} finite alphabet
e for s € ¥*, set s — p(s) where

p(s)e ={J = 5= ai}l,
the multiplicity of ak in s

e a Parikh vector p € N7 represents all strings s with p(s) = p
~ “jumbled string”
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e for s € ¥*, set s — p(s) where
p(s)e ={J = 5= ai}l,
the multiplicity of ak in s
e a Parikh vector p € N7 represents all strings s with p(s) = p
~~ “jumbled string” (aka compomer, composition, composion,
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Definitions

Y ={a1,...,a,} finite alphabet
for s € £*, set s — p(s) where

p(s)e ={J = 5= ai}l,
the multiplicity of ak in s

a Parikh vector p € N7 represents all strings s with p(s) = p
~ “jumbled string”

e poccursins if3ij: p(Si---Sj) = p.

define p+ g, p — g, p < g component-wise
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Formal problem statement

Jumbled Pattern Matching (JPM)
Given string s, |s| = n, and query Parikh vector g, |g| = m.

1. Does g occur in s? (decision)

2. Find all occurrences of g in s. (occurrence)
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Naive solution

bbacaccababbabccaaac

e sliding window of size m = |q]|

e optimal for one query: O(n) time, O(o) additional space.
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Naive solution

b baclaccabalbbaboccaaac

e sliding window of size m = |q]|

e optimal for one query: O(n) time, O(o) additional space.
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b b ac

Naive solution

accaba

e sliding window of size m = |q]|

bbabccaaac

e optimal for one query: O(n) time, O(o) additional space.

What about many queries?
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Comparison with exact pattern matching

Exact pattern matching
e one query: naive algorithm O(nm) time

e one query: optimal O(n+ m) time (KMP, Boyer-Moore),
sophisticated ideas

e many queries: O(n) time preprocessing — O(n) space data structure
(suffix tree, ...), O(Km) query time
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Jumbled pattern matching
e one query: naive algorithm O(n) time - optimal!

e many queries: O(Kn) time for K queries
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Comparison with exact pattern matching

Exact pattern matching
e one query: naive algorithm O(nm) time

e one query: optimal O(n+ m) time (KMP, Boyer-Moore),
sophisticated ideas

e many queries: O(n) time preprocessing — O(n) space data structure

(suffix tree, ...), O(Km) query time

Jumbled pattern matching
e one query: naive algorithm O(n) time - optimal!

e many queries: O(Kn) time for K queries

Question: Can we do better?
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Our results

Two algorithms:

1. for binary alphabets: O(n?) preprocessing time, O(n) space, O(1)
query time (only decision queries)
2. for general alphabets: O(n) preprocessing time, no additional space,

sublinear expected query time: O(n ogo lojﬁm) query time
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Our results

Two algorithms:

1. for binary alphabets: O(n?) preprocessing time, O(n) space, O(1)
query time (only decision queries)
2. for general alphabets: O(n) preprocessing time, no additional space,

sublinear expected query time: O(n ogo lojﬁm) query time

2a yesterday improved to: O(nY ‘ﬂ\/%gg), using wavelet trees
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Binary alphabets: Interval algorithm

Let |X| = 2. Crucial property of binary strings:

Lemma
If (x,m — x) and (y, m — y) both occur in s, then so does (z, m — z) for

anyx < z<y.

Corollary
All sub-Parikh vectors of s of length m build a set
{(x,m—x) : min(m) < x < max(m)}.
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Binary alphabets: Interval algorithm

With preprocessing:
e Preprocess: Compute all min(m) and max(m), for1 < m < nin
O(n?) time
e Query (g1, g2) with m = g1 + g2 occurs in s if and only if
min(m) < g1 < max(m). Time O(1).
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Interval algorithm with lazy computation

With lazy computation:

_ O(n)  for new length m,
® time . .
O(1) for queries with length m already seen.

e Data structure finished in expected time O(n?)
(after O(nln n) many queries: coupon collector problem),
assuming uniform distr. of query lengths.

In either case (preproc. or lazy):

e For K many queries, we need O(n” + K) time.
e Better than naive algorithm, which has O(KN) runtime, if K = w(n).
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A conjectured lower bound

Conjecture (Lower Bound)

There is no algorithm that can answer any Q)(n) queries in o(n?) time.
Not even decision queries over binary alphabet.
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General alphabets: Jumping Algorithm

Define pr(i) = p(s1 - -

Basic idea:

.5i) 1 i'th prefix Parikh vector.

g occurs in s at position (i +1,j) <=

pr(j) — pr(i) = q.

123456 7 8 91011121314151617181920

b

b
0
1
c 0
eg. qg=(312) =

a

claccababbabe

122233444555
2222233455866
112333333334

— = pr(18) — pr(12)
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General alphabets: Jumping Algorithm

Define pr(i) = p(s1 - -

Basic idea:

.S):

i'th prefix Parikh vector.

g occurs in s at position (i +1,j) <=

123456

b b

e.g. q=(312) = pr(10) — pr(4) = pr(18) — pr(12) = pr(19) — pr(13).

a

o N =

pr(j) — pr(i) = q.

7 8 91011121314151617181920

claccabalbblab c aalac
1222 3344455 56 7 8 8
2222233455086 6 6 6 6 6
112333333233 55556
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General alphabets: Jumping Algorithm

Define pr(i) = p(s1...si) : i'th prefix Parikh vector.

Basic idea:
q occurs in s at position (i +1,5) <= pr(j) — pr(i) = q.

123456 7 8 91011121314151617181920

bbaclaccabalbblfalbccaalalc

00112 334445555267 838
23345566666 66

N
N

122 22

N
N

c 00011

N
w

3333333455556

e.g. q=(312) = pr(10) — pr(4) = pr(18) — pr(12) = pr(19) — pr(13).
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General alphabets: Jumping Algorithm

Define pr(i) = p(s1...s;) : i'th prefix Parikh vector.

Basic idea:
g occurs in s at position (i +1,j) <= pr(j) — pr(i) = q.

123456 7 8 91011121314151617181920

bbac\accaba\bb|a}bccaa|ac

001122233 4445555%617283S8
b 1222222233455 ©6666 66 6
c 0001123333333 34555°5@6

e.g. q=(312) = pr(10) — pr(4) = pr(18) — pr(12) = pr(19) — pr(13).

Of course we do not want to inspect each pair of pr(i), pr(i + m).
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Jumping algorithm: update rules

i 123456 78 91011121314151617181920
L

bbacaccababbabccaaac

34445555¢672838

o
o
=
=
N
N
N
w

334556666666

=
N
N
N
N
N
N
N

c 0001123333333 3455525@86

Define firstfit(p) = min{j : pr(j) > p}

e update R (first-fit-rule): R « firstfit (pr(L) + q)
———

necessary char’s

e update L: if no match, then L — firstfit (pr(R)—gq) ,
—_—

unnecessary char's
(good-suffix-rule/bad-character-rule)

else (if match) L «— L+ 1.

Cicalese, Fici, Liptdk (Salerno, Bielefeld) Searching for Jumbled Patterns in Strings PSC'09

18 / 30



Jumping algorithm: update rules

123456 7 91011121314151617181920
L R
albabbabccaaac

|bbacacc

2 334445555¢67838
2233455666666 6
33333333455556

Q

o = o
o N o
o N E
L N
= NN
NONN

Define firstfit(p) = min{j : pr(j) > p}

e update R (first-fit-rule): R « firstfit (pr(L) + q)
———

necessary char’s

e update L: if no match, then L — firstfit (pr(R)—gq) ,
—_—

unnecessary char's
(good-suffix-rule/bad-character-rule)
else (if match) L «— L+ 1.
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Jumping algorithm: update rules

0 1231567 8 91011121314151617181920
L R

bbacbabbabccaaac

00112223344 45555¢6 7188

1 2222222334556 2686F6°6 66
c 0001123333333 3455525@86

Define firstfit(p) = min{j : pr(j) > p}

e update R (first-fit-rule): R « firstfit (pr(L) + q)
———

necessary char’s

e update L: if no match, then L — firstfit (pr(R)—gq) ,
—_—

unnecessary char's
(good-suffix-rule/bad-character-rule)

else (if match) L «— L+ 1.
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Jumping algorithm: update rules

0123 56 7 8 91011121314151617181920
L R

bbacbbabccaaac
001122233 4445550526 788
12222 2223345566666 66
c 0001123333333 3455H525@6

Define firstfit(p) = min{j : pr(j) > p}

e update R (first-fit-rule): R « firstfit (pr(L) + q)
———

necessary char’s

e update L: if no match, then L — firstfit (pr(R)—gq) ,
—_—

unnecessary char's
(good-suffix-rule/bad-character-rule)
else (if match) L «— L+ 1.
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Jumping algorithm: update rules

01234 6 7 8 91011121314151617181920
L R

bbacabbabccaaac

1122233444555 5¢6 7838
2 2222233455666 266 66
c 0001123333333 3455525@86

= o
N O

Define firstfit(p) = min{j : pr(j) > p}

e update R (first-fit-rule): R « firstfit (pr(L) + q)
———

necessary char’s

e update L: if no match, then L — firstfit (pr(R)—gq) ,
—_—

unnecessary char's
(good-suffix-rule/bad-character-rule)

else (if match) L «— L+ 1.
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Jumping algorithm: update rules

R
bbacalccababbalbccaaac

01234 16 7 8 91011121314151617181920
L

34445555¢672838
334556666666
3333334555256

122

o
o
=
N
w

2 22

=
N
N
N
N

w
w

c 000112

Define firstfit(p) = min{j : pr(j) > p}

e update R (first-fit-rule): R « firstfit (pr(L) + q)
———

necessary char’s

e update L: if no match, then L — firstfit (pr(R)—gq) ,
—_—

unnecessary char's
(good-suffix-rule/bad-character-rule)
else (if match) L «— L+ 1.
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Jumping algorithm: update rules

0123456 78 91011121314151617181920
L

R
bbacaccaba bccaaac
34445555¢6 72838
3345566©6¢6 666
c 000112333333334555H5E¢6

= o
N O
N -
N =
NN
NN
NN
N W

Define firstfit(p) = min{j : pr(j) > p}

e update R (first-fit-rule): R « firstfit (pr(L) + q)
———

necessary char’s

e update L: if no match, then L — firstfit (pr(R)—gq) ,
—_—

unnecessary char's
(good-suffix-rule/bad-character-rule)
else (if match) L «— L+ 1.
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Jumping algorithm: update rules
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N W
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———

necessary char’s

e update L: if no match, then L — firstfit (pr(R)—gq) ,
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Jumping algorithm: update rules

0123456 78 91011121314151617181920
L R

bbacaccababbaac

334445555¢6 7838

o
o
=
=
N
N
N

233455666666 6
c 0001123333333 3455525@86

=
N
N
N
N
N
N

Define firstfit(p) = min{j : pr(j) > p}

e update R (first-fit-rule): R « firstfit (pr(L) + q)
———

necessary char’s

e update L: if no match, then L — firstfit (pr(R)—gq) ,
—_—

unnecessary char's
(good-suffix-rule/bad-character-rule)
else (if match) L «— L+ 1.
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Jumping algorithm: update rules

0123456 78 91011121314151617181920
L R

bbacaccababbac

334445555¢6 7838

o
o
=
=
N
N
N

233455666666 6
c 0001123333333 3455525@86

=
N
N
N
N
N
N

Define firstfit(p) = min{j : pr(j) > p}

e update R (first-fit-rule): R « firstfit (pr(L) + q)
———

necessary char’s

e update L: if no match, then L — firstfit (pr(R)—gq) ,
—_—

unnecessary char's
(good-suffix-rule/bad-character-rule)
else (if match) L «— L+ 1.
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Jumping algorithm: Putting it together

Algorithm Jumping Algorithm

Input: query Parikh vector g

Output: A set Occ of all occurrences of g in s
1. set m«|q|; Occ — 0; L — 0;

2. while L<n—m

3 do R « firstfit(pr(L) + q); update R
4 if R—L=m check match
5. then add L + 1 to Occ;

6 L—L+1; update L (match), or
7 else L — firstfit(pr(R) — q); update L (no match)
8 if R—L=m check match
0. then add L + 1 to Occ;

10. L—L+1; update L (match)

11. return Occ;
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Jumping algorithm: Correctness

Lemma

1. after each update of R: p(si+1...5R) > q,
2. after each update of L: p(s;+1...5r) < q.

Theorem (Correctness)

1. Each reported occurrence is correct, and

2. each occurrence is found.

Proof.

1. follows from the lemma, 2. straightforward but a bit technical.
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Jumping algorithm: computing firstfit

123456 78 91011121314151617181920

bbacaccababbabccaaac

00112223 34445555%6 72838
1222222233455 ¢6626866 6 6
c 000112333333 33455255@6

2 3 456 7 8

2 9111214

01

a|l0 3 5 81013171819
0 1
0 4 6 7 151620

firstfit(p) = max{/[k,px] : k=1,...,0}
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Jumping algorithm: computing pr(/)

N

3456 7 8 91011121314151617181920

b

caccababbabccaaac

N O

=
\S]
\S]
N

=
fa
\S]
w

3344455556 7288

\S]
\S]
N

2 33455666666 6
3333333455556

3 456 7 8

Cicalese, Fici, Liptdk (Salerno, Bielefeld)

s R W e

8 1013171819
9 111214
7 1516 20

pr(i)k = max{j : I[k,j] <i}

Searching for Jumbled Patterns in Strings
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Jumping algorithm: Analysis

Algorithm Jumping Algorithm

1. set m«|q|; Occ — 0; L — 0;

2. while L<n—m in each execution of while-loop:
3 do R «— firstfit(pr(L) + q); update R
4 ifR—L=m

5. then add L + 1 to Occ;

6. L—L+1; update L (match), or
7 else L« firstfit(pr(R) — q); update L (no match)
8 ifR—L=m

9. then add L + 1 to Occ:

10. L—L+1,

11. return Occ;
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Jumping algorithm: Analysis cont.

e update R: R« firstfit(pr(L) + q)

e update L: L« L+1,
or L firstfit(pr(R) — q)
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Jumping algorithm: Analysis cont.

e update R: R« firstfit(pr(L) + q)
e update L: L« L+1,
or L firstfit(pr(R) — q)

Time needed to

e compute firstfit:
e compute pr(L):
e compute pr(R):
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Jumping algorithm: Analysis cont.

e update R: R « firstfit(pr(L) + q) O(o + o logm)
e update L: L L+1, Oo(1)
or L firstfit(pr(R) — q)
Time needed to
e compute firstfit: O(o)
e compute pr(L) : O(clog(R — L)) = O(c logm)
e compute pr(R) : O(olog(R — L)) not so easy to bound but ...

Intuition: The bigger R — L, the fewer jumps we are making. We pay
log(R — L) but we jump R — L far!
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Jumping algorithm: Analysis new

e update R: R« firstfit(pr(L) + q)

e update L: L+ L+1,
or L« firstfit(pr(R) — q)

Notice that
o firstfit(p) = maxy{selecty(px)}
o pr(i)g = ranky(i),k=1,...,0
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Jumping algorithm: Analysis new

e update R: R« firstfit(pr(L) + q)

e update L: L« L+1,
or L« firstfit(pr(R) — q)

Notice that
o firstfit(p) = maxy{selecti(pk)} O(ologo)
o pr(i)k = ranke(i),k=1,...,0 O(ologo)

So using wavelet trees, we get

O(olog o) in each iteration.
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Jumping algorithm: Analysis cont.

Let J = no. of iterations of while-loop (= no. of jumps). After a few
simple steps we arrive at

old runtime = Z update R + update L = O(Jo Iog(g + m))

all jumps

and

new runtime = J - (update R + update L) = O(Jo log o)
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Jumping algo analysis: Estimating no. of jumps

We compute the expectation of J over a random string s (uniform i.i.d.)
and balanced query g = (7,..., %) as

n

d
length of jump)’ an

E() =

E(length of jump) = Pr(match) - 1 4+ Pr(no match) - E(Rnew — L — m).

e Pr(match) = prob. that a random string of size m has Parikh vector

(2" m) e
q =37 =~ /%= - very small for m >> o
m

e E(Rnew — L — m) = length of wait before we have seen ' many of all

o characters = Ep, , — m~ , /2mo In -2 (R. May, Coupon collecting

V2r
with quotas, Electr. J Comb., 2008)
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Jumping algo analysis: Average case

Altogether, we get (skipping many details):

E(oldruntime) = O(Jo Iog(g +m)) = 0(n |o§U k:%n)'

E(newruntime) = O(Jo logo) = O(”%)'

Recall: We assume a random string s (uniform i.i.d.) and balanced query
m m

q:(;,...,;).

These are worst-case, both acc. to our model and our simulations:

e on non-random strings (DNA) J decreases

e on non-balanced Parikh vectors J decreases
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Open problems and ongoing work.

Prove or disprove the conjecture about lower bound for JPM.

Tighter expected time analysis of Jumping algorithm.

Efficient implementation of Jumping algo and experimentation data
(master student).

new Find best rank/select data structure for Jumping algo.
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Diki.
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Diki.
Dékuji.
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Diki.
Dékuji.
Thank you.
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